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Abstract
Remarkably accurate ﬁssion-fragment mass distributions can be obtained by treating the nuclear shape evolution as a Metropolis
walk on previously calculated ﬁve-dimensional potential-energy surfaces; this novel method is brieﬂy reviewed here.
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1. Introduction
As discussed already in the pioneering works by Meitner and Frisch (Meitner and Frisch, 1939) and Bohr and
Wheeler (Bohr, 1939; Bohr and Wheeler, 1939) in 1939, nuclear ﬁssion can be viewed qualitatively as an evolution
of the nuclear shape from that of a single compound nucleus to two receding fragments. While character of the shape
dynamics is still not well established, it is interesting to explore scenarios in which the evolution is strongly dissipative
(Randrup and Mo¨ller, 2011a; Randrup et al., 2011b).
We therefore picture the nuclear ﬁssion process as an evolution of the nuclear shape from a relatively compact
mononucleus to a dinuclear conﬁguration. In the present study, the shape is composed of three smoothly joined
quadratic surfaces (Nix, 1968, 1969) which are described by ﬁve variables, χ = {χ i}, whose time development is the
result of a complicated interplay between a variety of effects.
Most basic is the potential energy associated with a given shape, U(χ), for which a number of relatively mature
models have been developed. We employ potential-energy surfaces that have been calculated with the macroscopic-
microscopic method in which the potential energy is the sum of shape-dependent macroscopic (liquid-drop type)
terms and a microscopic correction that reﬂects the spacings of the single-particle levels in the effective potential
associated with the speciﬁed nuclear shape (Mo¨ller et al., 2000, 2009). (Such potential energies have been calculated
for 5,254 nuclei with 170 ≤ A ≤ 330 and are tabulated on a ﬁve-dimensional Cartesian lattice containing over ﬁve
milllion different shapes.) The potential energy provides the driving force, F pot(χ), which has the ﬁve components
Fpoti =−∂U/∂χi.
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This driving force causes the nuclear shape to change and the associated matter rearrangement gives rise to a
collective kinetic energy, 12 χ˙ ·M · χ˙. When the damping is strong, as we are assuming, the resulting motion is slow.
In that scenario, the acceleration terms, {∑ j Mi jχ¨ j}, as well as terms of second order in the velocities {χ˙i} may be
neglected. As a result, the inertial masses {Mij} play no role for the shape evolution and they shall henceforth be
neglected. The accuracy of this idealization is currently being investigated (Nadtochy et al., 2013).
Furthermore, the shape degrees of freedom are coupled dissipatively to the internal degrees of freedom in the
nuclear many-body system. As a result, the shape evolution is both damped and diffusive and it must therefore be
treated by transport methods that allow for the stochastic elements of the dynamics. The shape dynamics is then
akin to Brownian motion, though in a more complicated scenario: The coordinates of the Brownian body are the
ﬁve nuclear shape parameters (rather than those representing a three-dimensional position), it is being acted upon
by a position-dependent external force (the driving force discussed above), and the ﬂuid into which it is immersed
(represented by the internal nucleonic degrees of freedom to which the shape is coupled) is anisotropic (because the
dissipation tensor is anisotropic), with the anisotropy depending on the “position” χ.
2. Brownian shape motion
When the inertial effects are negelcted, the time evolution of the nuclear shape is governed by the Smoluchowski
equation which demands that the various forces acting balance out to zero, F pot(χ)+Fdiss(χ) .= 0. The average of the
dissipative force provides a friction of the standard form, 〈F diss〉= F fric =−γ ·F , where γ(χ) is the dissipation tensor,
and, as is common, we assume that the random remainder, F ran(t), is Markovian, 〈F rani (t)F ranj (t ′)〉 = 2T γi jδ(t− t ′),
where T is the nuclear temperature at the particular shape χ. Because the dissipation tensor γ is positive deﬁnite, its
inverse exists, namely the mobility tensor μ≡ γ−1, which is then also positive deﬁnite.
The Smoluchowski shape evolution can be obtained by direct numerical simulation. For this purpose it is conve-
nient to express μ in terms of its ﬁve mutually orthogonal eigenvectors χ˜(n), μ · χ˜(n) = μ(n) χ˜(n), i.e.
μi j = ∑
n
χ˜(n)i χ˜
(n)
j and μ
(n) = |χ˜(n)|2 . (1)
The Smoluchowski condition F pot +F fric + F ran .= 0. immediately yields the instantaneous rate of shape change,
χ˙(t) .= μ · [Fpot +F ran(t)], and the displacement accumulated during a brief time interval Δt is then
δχ =
Z t+Δt
t
χ˙(t ′)dt ′ ≈ ∑
n
χ˜(n)
[
Δt χ˜(n)·Fpot +
√
2TΔt ξn
]
. (2)
The expression on the right-hand side shows how the change δχ consists of an average displacement proportional to
(but generally not aligned with) the driving force F pot and a stochastic term caused by the random force. This type of
evolution is exactly characteristic of Brownian motion.
In order to explore the dependence of the calculated mass distribution P(A f) on the speciﬁc type of friction em-
ployed, we proceed as follows. We ﬁrst invoke the simple one-body wall formula (Błocki et al., 1978) for the dissipa-
tion rate ˙Q,
˙Q = mρv¯
Z
n˙2dσ = ∑
i j
χ˙i γi j(χ) χ˙ j = ∑
μν
q˙μgμν(q)q˙ν , (3)
from which the associated dissipation tensor γ(χ) can be determined (Nix, 1968, 1969).
Because we are not interested in the time evolution but merely in the path of the shape, the overall dissipation
strength is immaterial, so we renormalize γ at each lattice site so its eigenvalues are unity on average. Subsequently
we generate an entire family of dissipation tensors, γ˜( f ), by modifying the eigenvalues, γ˜( f )n (χ)≡ (γn(χ)+ f )/(1+ f ),
so the friction becomes ever more isotropic as the parameter f is increased from 0 to ∞.
Thus f = 0 yields the idealized one-bodywall dissipation, while f = ∞ corresponds to an entirely isotropic friction,
i.e. γ is proportional to the unit tensor. As it turns out (Randrup and Mo¨ller, 2011a; Randrup et al., 2011b), in this
latter scenario the Smoluchowski process can be simulated by means of a random walk on the ﬁve-dimensional lattice
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Fig. 1. Fragment charge distributions (obtained by scaling the fragment mass distributions) extracted from Metropolis walks on the respective
ﬁve-dimensional potential-energy surfaces (Mo¨ller et al., 2000, 2009), together with the corresponding experimental data (Chadwick et al., 2006;
Schmidt et al., 2000). (From Ref. (Randrup and Mo¨ller, 2011a).)
of shapes for which the potential energy is tabulated (Mo¨ller et al., 2000, 2009), using the Metropolis procedure
(Metropolis et al., 1953) for deciding whether to change site or not. Therefore such a random walk presents a very
simple method for generating approximate ﬁssion-fragment mass distributions from the potential-energy surfaces
without the need for introducing any parameters.
3. Calculated mass distributions
In the original study (Randrup and Mo¨ller, 2011a), the fragment mass distributions were obtained by performing
such Metropolis walks. Figure 1 shows the resulting charge distribution P(Z f) for eight different cases for which
experimental data exist; for the thorium sequence, P(Z f) changes qualitatively from symmetric to asymmetric. The
agreement with the data is remarkably good, especially considering that no parameter was ﬁtted. Even though the
agreement for the thorium isotopes is not as perfect as for the plutonium and uranium cases, the deviations of the
model results from the data are smaller than the differences between neighboring data sets, which in turn differ by just
a single neutron orbital.
The sensitivity of the calculated charge yields to the structure in the mobility tensor is illustrated in Fig. 2. In
addition to the experimental data (shown for reference), each plot shows the result of three differentmobility scenarios:
the idealized scenario (labeled f 1) where the mobility tensor is isotropic, an intermediate scenario ( f =1) in which
the dissipation tensor is the average of the one calculated with the wall formula (see Eq. (3)) and the corresponding
directional average, and a more structured scenario ( f = 0.2) in which the isotropic admixture is only 20%.
For the three neutron-induced cases, the change in the charge distribution is very small when one form of the
mobility tensor is replaced by another, with the most noticeable change being a slight narrowing of the asymmetric
peaks for 233U(n,f). The photon-induced reactions display a somewhat larger sensitivity. Generally, as the mobility
tensor grows more anisotropic, there is a tendency for the symmetric yield component to become more prominent, but
the quantitative effect is relatively modest. It is particularly noteworthy that the evolution from a symmetric yield to a
mixed but predominantly asymmetric yield remains present in all the different dissipation scenarios.
In order to illustrate the importance of employing a shape family that has a sufﬁcient degree of ﬂexibility, we
have constructed three-dimensional potential-energy surfaces by minimizing the full ﬁve-dimensional 3QS surfaces
with respect to εf1 and εf2. Thus the shapes in the lower-dimensional space are characterized by only their overall
elongation, their constriction, and the degree of reﬂection asymmetry.
Figure 3 shows the resulting charge distributions, together with the experimental data and our standard results
based on the full 5D 3QS shape family. We see that the although the 3D calculations occasionally reproduce the
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Fig. 2. The fragment charge distribution obtained by solving the Smoluchowski equation (2) for dissipation tensors having various anisotropies as
speciﬁed by f , together with the experimental data (Chadwick et al., 2006; Schmidt et al., 2000). (From Ref. (Randrup et al., 2011b).)
qualitative appearance of P(Zf) reasonably well, the reproduction of the experimental data is generally far inferior to
the results obtained with the 5D shape family. This suggests that it is of utmost importance to employ a shape family
that has sufﬁcient ﬂexibility.
As already recognized in the very earliest discussions of ﬁssion theory (Bohr, 1939; Bohr and Wheeler, 1939),
induced ﬁssion involves as an intermediate stage the formation of a compound nucleus in which the excitation energy
is distributed among the various degrees of freedom in a statistical manner. However, the compound equilibrium is
established only among those relatively compact shapes that are situated inside of the ﬁssion barrier, and the ensemble
experiences a continual leakage as some nuclei accidentally acquire a shape far enough beyond the saddle point that
they then undergo an irreversible evolution towards scission.
Thus the resulting ﬁssion-fragment mass distribution bears no particular relationship to the distribution of the
asymmetric modes of the compound-nuclear shapes. Furthermore, because of the non-equilibrium nature of the
post-barrier evolution there is no reason to expect that the resulting mass distribution should have a statistical form.
Nevertheless, a variety of statisical scission models have been studied. Indeed, models based on such considerations
were among the earliest developed (Fong, 1956; Wilkins et al., 1976) and, for each speciﬁc case, the details can often
be adjusted to yield reasonable agreement with observed mass distributions. Quite recently (after this conference),
Ref. (Panebianco et al., 2012) presented a new scission model based on the microscopic structure of the dinuclear
scission conﬁgurations.
The importance of the pre-scission shape evolution can be illustrated by comparing the transport results with what
a statistical population of the scission shapes would yield. For this purpose, we deﬁne a four-dimensional scission
hypersurface as consisting of those shapes { χ˜} for which the neck radius equals a speciﬁed value, c( χ˜) = csc, and
we then assume that these scission conﬁgurations are populated in proportion to their statistical weight, W ( χ˜) ∼
exp(−U(χ˜)/T (χ˜)). As in the transport calculations, we use the shape-dependent temperature which ensures that the
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Fig. 3. Charge yields resulting from Metropolis walks on the 5D potential-energy surfaces, together with the corresponding results obtained with
3D surfaces generated by minimizing the 5D surfaces with respect to the individual fragment deformations, εf1 and εf2; the experimental data are
from (Chadwick et al., 2006; Schmidt et al., 2000). (From Ref. (Randrup et al., 2011b).)
statistical weight drops rapidly to zero at the boundary of the energetically accessible region of shapes, namely those
for whichU(χ)≤Ugs +E∗.
The results of such scission-model calculations are shown in Fig. 4 (left) for four representative cases, while Fig. 4
(right) shows the corresponding results obtained with the simple Metropolis walk (Randrup and Mo¨ller, 2011a). For
the scission model the character of the fragment mass distribution changes qualitatively as c sc is decreased, whereas
Metropolis walks yield mass distributions that are remarkably robust against the changes in the critical neck radius c 0.
These results suggest that the mass split is not determined primarily by the energetics in the scission region but rather
by the broader potential-energy landscape encountered by the shape during its pre-scission evolution.
4. Concluding remarks
In conclusion, our studies suggest that the simple Metropolis walk (Randrup and Mo¨ller, 2011a) on the previously
calculated potential-energy lattice (Mo¨ller et al., 2000, 2009) indeed presents a useful calculational tool for obtaining
the approximate form of ﬁssion-fragment mass distributions for a large region of nuclei. For more accurate results it is
necessary to invoke also the dissipative features of the shape evolution as represented by the shape-dependentmobility
tensor. The shape evolution then resembles Brownian motion in an anisotropic (and non-uniform)medium. However,
because the dissipation mechanism is not yet as well understood as the potential energy, we propose to make a series
of calculations with mobility tensors that display different degrees of anisotropy and then use the ensuing spread in
the results as an indication of the uncertainty of the predicted mass yield. The results obtained in this manner are
often remarkably robust. Consequently, the method may be of practical use for calculating ﬁssion-fragment mass
distributions for any of the thousands of nuclei for which the 5D potential-energy surface is already available.
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Fig. 4. Results of our scission model (see text) for 240Pu and 222,224,228Th for the scission neck radii csc = 2.5,2.0,1.5fm (left) and results of
the Metropolis walk (Randrup and Mo¨ller, 2011a) for the same cases obtained with the same values of the critical neck radius c0 (right); the
experimental data are from (Chadwick et al., 2006; Schmidt et al., 2000). (From Ref. (Randrup et al., 2011b).)
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